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By Jvxy | £ P
/3%
L P PHE

g IS
height < |y-2]t] ? .
A /zg””‘ws #laaves <460 = p

[f evelry non-terminal appears ot mesz once  in the pazh [2xdudir27 Mdpaiﬂts}

4 9P LRmes—=3 pair

[]



{2°b".": n3ol
DSSwme it i corext-free. let p be tho Pemping &0:72“/1.
f/‘c/z a'DéPoPeL
Bg pumping Theoren, . o8- LUpxyz
» lvxy)ep => ot least one of o6 aend ¢
a--oab--bc- oloes rot appear in v of Y

L v'x g"; &/l cortraoliction



Twrin_j Machine w3

b,emk symbot
/J—Pl—alblalblulul — infinite
sy mbu’f
A:hwd ST
/ — . —>

2. read A write

Definition:
A TufMj machine is s-tuple M=[k 2, S. s, H)
o K: a finite sez of stazes
° 2 ¢ tape alphabel (conzaing D ond U)
> S €K : (nitial stare
o HEKk: g get of /Za&‘&ﬂ? stazes

o S 'L—l'a/)sit—im fwzmw;

7heg %37 B symbol
hole [k = H) Xf——) kx [ f(———>Ju(Z 157)
37;31#%9? 5)7% h,e.ad action
Sazi Sf 7 ﬁl" W ? K R%ﬁéﬁzztt?/ﬂéﬁ overwrite

$19, Do = (p = Ffor some p



CEZES
aju - (4, buabta) <=> (9, bUab. a) L4, puobar (<=2 (4, DUaba, 2 )

b
[—@ L Bkt bk
A confiqurorion a member of Kx ptE-{a3)” x ({edu(s-$23)" [ 3- {A,u}))

LG, Dwa ) lm (9. pw asus Ef
D/l writing
£19. 0= (%60 Ww=w, , Us=w
2) /) moving  Left
$09,80 =4, ) W= 0. Us-0ou
L[f G =U w=e then U.=e)
oW [aTa]

—

I:zt:zarfl@

@ ///rwvz/y n‘f/w
L?/,DW)Q’(LL/)/’/;*(fz,DWngUA—) [f

(9, pwaud is a /m&ﬂnf config of ger

AV initial config (s, 2D



174

Fix Z ALY VoG] symbol %D . —.ihen urite A ot
P fymba{’ wm‘titzf machine Ma [ oeZ-1p3) IEA) \[ e RBHD L write A- j
[D] [a]
T

Mg = ({s.h]. 2.8. 5 5h1)  Sfor each beZ-Ip},
Elal S’l S, bo =LA a

1
5( SSDO=L(S —2)
Lz) head /J'Low‘/? mac/u/Le Me—~ m—» /1//!‘9’/}%7’229{
m;T—ITJ: %7 o wiiwh
L[
M
basic machina - Ma. Me. Mg
o VA 2
au b1®

Leﬁ~r/u‘ﬁmf machine Si
f&rafg/ v.e[E—fD.Ui)ﬁt

Dudwu— DUWU ?;477{'57}3’7}%

Examp (e
M —> Ma ) run M), weil i+t /zauy 1§ AP PTRT 7.
/V){, 2. if the cwurrent symést is O, run Ma
3. e o = = e rup omy
G 2lse halz
>R _@g,;, SR 2n (Ra: RDa)

2RR ¢=> >R*



Ru
[ e Z_L ]

.- AbwAE

C RREISEGREE-TE

(T8T5 hote. TTZ 2

212 )

Sk SH— T2

AFEE
[ >2)u
pos
ik Ze
_ge— ‘7_)#/(4‘2% /
+

R awﬂm‘z e Za/zyuaﬁm

1R B &g
3% )i2%

M=K, = 5 s H)
£n7ou,t alphaber 2. 53 -fD UY

initial config - (s, DUwW)
[Blul w |
T wBimoN

Limy = {wesT (S, DUW f5 Lh, DU Sfor some heH}

M cermvidecides [ (M)

L re_ooanjz&b[ﬂzj

[ 2 Cufsiuzéj enunerable

[f Some /M

(BZ o1l 88 JBK | Fo3348% T —#2E hatz)

senmidecide

LT



Let M=(K S. 2.5 s 14rf) be a TM.
We say fn decides o (language Lcsl of
(0 fnr every wel,
(S, DUw) b Ly - we say M accepts i
2) for every we =71

(S,Dgw)l/,fln,m) Tt e re/"ects-

A /myaaye (S recwrsive (deciables if some TM decides it
[ heorem:

If L (S recwursive, it must recassively Lnumerable. PIZ 24,

Comlpuzz f(,ma'[DDS o @ Z N1k FF) KITH 3%k

_* <
fo/- weZo, if (s, Duwity (A puy) for heH. yéZj
| |
Inpu mn OVIPWU 15% recusrsive /oompwba,b(,e
Y= miw> /7
— ¥
750/‘ a,ﬂ,y f: Z:Y——P S» , we say N Compueres f [][ for any W&Eji

/I/)lw)=7CLw)
Exomple . {0°b"c”: n205 s recursive.
TRl Bl IcIala] G asc
T T __——>R pxp _79?}2 DxLu abC. abc ?

HLM«‘}/ aX ‘J 12 L% % X.Y. 3

\%ﬂu 49,




/. multiple topes

5L 1
7 R-tapes
ol -
v
=1 7 | j DLQ,ai

2. Twa—way in,fim‘ta tape

k
$: k-H)x =

> Ky [§5-at Ude—12"5

/
177171

i—— =2 = [ 22 -

2 mulbiple N2l

;’-tafas S}/}?L@ tape
3 tracks
D | A a o A a UW
[BlbTala [olo] Dbaa,u-j
STET= ?u 7 '_//a a U o v
71 ,
SR S
)D_Iab_b_ Ié‘aa/agU{uuul
{a.é.cﬁg-_{?.f—}s
Al 2 - tape 7K
o 1 2 -2



b Two-odimensional tape
>

0}2{5/?-“
( 9"/00/
Vols[2] |

el |1

5. Fendor) access

[ [ [T T ] head Jwdr = IGXEFS

T T
w
b non-deterministic TM (NTMD ket B2
a NTM is a S-wpl (Kk,=. 4 s H)

A: relozion (not flrnction)
& finite subset of (tk+DxZ)X (K x ((5-§a1) O fe- >3

confiquration (9, bababb)
m //M* //MN: HL@/D(S wn NV §T~Q7DS
A NTM M=LK .8, S H) with input olphabet 5. Semsolacides [ c3]

Zf ﬁr any we Ej. wél £f and on{// ff/\ls, DL w) /’jc/;,---) o/ somze P eH.
fot %38



(s, b wo

O/
!
Ah RN

0 haﬂm—? staz2

[f wel. Some branchas halx
Let M=K, Z, 4,5 19.n}) with inpur alppaber =, ¢ . no
N ¥ ~
M olecides a /a/zya,ayz L ez of BT b A

(> fur eny we—Ej‘. d o natural pwnber /. st o corfiquration C saxisfymy
IN [ < bow) e
o VI, 212t heighs < N
) WEL (= (S DUWIA LY, -0 & (B wd . » ¢aan.%F55&%nE )
Some branch /zaétf‘wit/z Y.

Exa,m/)[,a.

J=

Z/QW C = '[ éiﬂafy znao&anys 1972 CDMfD.S‘/‘Z? Jmbers ¥
352 L7 B TER AR
2 /7?‘3“?5*71%
#% 3 L ZPFes )=
plUul w (0ol P TOT 971 )

T heorem : Every NTM  cap be simulated by DIm.

Pl‘oofcg,é.e:to/z)= NTM N nmmc@wées L — DI M seniolecides [
DPM

Searching for o holting sioxe BFES (no DRSO
A=



Z‘fOfQ DIMm +o Sirmwlare /V-

[Dlulw] ] Store the inpur

o] _ ] Simulate N AL %

o | ©9° o) Jo 1) o002~

= | enumerate hint  IEEKIRNF oA RRPYART X (F -7 bipary )

Cherch - 7&4/‘2/2? Thesis
81 AR TM !
Intidtion 079 ol gor rthms 2quals (determipistic) Jwring pachines
that hatts on every  inpuz.

solves olecidles
tolecisions
W%' problers  equals  [anguages
Fact: Any finite set can be epcoded. 1a.- an}

~ fa.0 /}

Yas ﬁn)m Collectioy 07@ f/‘m‘ta cozs Con be _encooed.

)
.{/) /}79 C;‘\O(};(d,o,;) labc 0{ »1 7"/),PD’9' IM CFG REX

/
(@.0)1) Lb;@’) LC,0.))



Dbject D—> "o ZFCEs#45
oleciole ProbLWn ( recwrsive RLanguages)

ProbW” .
R Aor—/w='/ P w : D is a DFA thaxt accepts w
Mg, = on input b “w"
by ol if nput is illegal . reject
0.2 olecoole D""w" +o obtain D and w
I rwun D en w
2. Zf D ends with ff/za,( / D gccepts L
3. accept D w”
w plse
5 /’.ejew oW
R2 . /—}/vm = { NW N s g NFA thax accepts 20t

Mar = on input "N "W
/] N — on e?ujvoéaa DFA D
2. run Ma on o "w"
3. return the resule 177? Ma,
R 2 > R/
)c_. ® > DT L 29%) \oly), A EZ -

Nw EAEA (=D D w' € Aora

/}f}-pm AvEa o Aora

1)3%9




R /Q/zgx = f,Q "W R is a /’e?wlaf 2Xpression that Generates w s
Maz = on input "R “w"”
/R > an efuivalent NFA NV
2. fun Ma on N w”
3. return the result of /Max

f‘— A—>B Gnol B is recursive => Ais alsp recursve.
Rl. Fora = b D is a DFA wrh LiDI)=P}
Moy = on inputr D"
/- iof D has no final state

2- & ccept .
% e2lse
Lp. ’ Conceprually " oo BES on the oUﬁ.fram
5 Ef there is o path from s to a final.
/—.ﬁ\ﬂw
2lse
secept

RE EQRprA {5, "0, D, and D, ore two DFAs with L(D>=LlcD)}
Hirg» © FIBE RY

®  symmetric AeB=1 xeAuB N X¢ANB}
A

do

® A=B ¢ ADR=p



ABPB =HALB—ANEB= (AUBIN ( ANBO
= (AuBon LA U B)
L (D) =Lib> ¢=D [Lib>uLdn> )0 (L) UL Da,) = @
[ Ik

D) D2 D2,

M - . ‘v I‘. T &.’
/Nes on  input D D %B‘& wnﬁru&t‘%"g?

[ ConStruct Di: with LDs) =.LWOD LI —
2. fun Mee n D3
return the reswlz vf Meg.

/}~ B /Z—anju.ages ovef same a/f/zabui
asle.
<Y A reduction from A to B is a ‘/5’225‘??@ )fanaivo

f 5T 5" such thar forfx 3t weh (Dfoves

reduction from E&?DFA to Eoma

f( DD ) = oy (with L(D3) 7 LDs@L (s )
e tursve

f(, [uayal &nfwt') = ill,eya,l onput I%Zrzjzd'. by olefaulty

D D e EQpm <= “Di” € Evra

[heorem :

If B is recusrsive, and I a reduction f from A to B.then A is rewussive.
¥y A<B (HIEesxEfE)



Pl‘oof: IMp  odecioles B
My = ; ut  X.
A on [mp JE;QE
I compute S
2. run Ms en Foo
2 return the eswdt af Mea.

Z)(ample
cl| =1"GC w':C is a CFG that generates w}

Mcr = on inpur "C 7w
I~ G—=2 G in ¢CNF
2. enumerate all olerivaxions of (ength 2|wli-|

3. Lf any of them fmez‘az‘es w.

. accept ¢ w
& else
4. reject oW

C2  Apon = 1P "w - Pis a PDA that acceprs 1o}

c2  Apor —2 Acra

:,Pl.,,w“ > f-&:.hw.,



C3. Ecra =1 ¢ G is a CFb with LiG)-$}

S— Ad M terminal 4ve Ft%. B > 2 Symbol £R1F32, —2A.% Symbel €I L.

A= Bp % svort symbrt BZI&4%32

B-2hO

=

C =@ //l

B-® [ecersively
CY. Epon=f P : Pis a PpA with L(P)-53 m;;?[e

/0. s e

Ce £ C3 Languages

O 2

A set S S towuntable £7C T 18 fim‘te e ﬂéijewfue f:S—D/V. wuncourntable vtheruyisa.

Lemma. A cex S is countasle (=) I injection f:S—>n
/D/‘Dof: = vV PR iR fin?t& —S-tri vial
(= 4 ;nje ction f’- S— N (GSStme S is L'nﬁn;‘ﬂ’—.)

U
labed elemenz Df_f as S, S S~
so ThaZ' ﬁf,)‘ﬁfp_)<f[.§3)c-—..

?LSN:f
Corollaf%: /}ny Swubhsext Df A Countoble sot- (s countasble.
P/—oof : A Countable /‘%\&DMZ‘ablz
v

I injection f- A2V => I injection £’ A=

Hol



Lemma. loet > be an aéo/wée,r ﬁ LS Cowunzable.
2.9
proof: Z =4{o.l}%
o, |,
d !
| 2

oD, ©/),/2,1) - -

9O &

3 . o

rzmb’fel‘*. THus> 3 strings with £ 1s) - 2!

Corollary : {m:Mm is a TMS s

Lemma: lex & be some alphaber
Lot L be the sat of all the languapes over X

&~ (S lntountable.

Proof suppose J_ (3 Countobl

Ly, La, Ly,
Sinca ST {4 counzabl BAB R
S),$2.53,
A& D={si- 5i¢l;féd
Vi, siep iff sigli -
-~ D*L; EBP D%H%%E{—"%ﬁ%ﬁmﬁl

contradiction

Cowntable. E?( e u i{?% 1%

G TmiREES$ 12T I21%%
= I lanquage is not

recursively 2n umerable.

(TMm Pts, i5)Be /% 7%y )

D& Li @433



H=1"m"w M i< a Tm that halt sn ¥
[ heorem- H s [ecursively enuwmerable.
vt sale— U = on inpu M LLv) = H
TM /- run M sn w
U hot on " M""w" (2 M halts en w
[ m "W eH)

] heorem. / is not [ecursive. AR P)Z. -
Proof Hd=1{"m" "+ M is aTA that does net hatlt sn A1}
2 )
If H is recursive, so is Hd Ho i< not recursively  numesoble.
@ If H is recwrsive => My olecioles H
R) Md = on nput 7
b Fun Mu en "M w' where w="m"
2. If MH accepts MW
rejece “m
3 else
ey accepr “m-
@ Assume - = T D Senvolecides IHd
D on input m holt /f M EHAd (M oloes net halt on “m") (ot M =D ?
} D habis en D<= b does ret

not hats - if “m gHd (M halts sn A7) 173 hats en D



T G
M o o
M3 / 4

D O‘f}?& 5 |

/7',”‘% problemzi2f5 2%
If A < B oand A iS ner recwursive.then B i< net recursive

QA =" m": M i< a TM That halts en 2}

H £ A
M” il =2 _pa” S o R — 75
M hatis sn w <= M paltzc sn e,
4 TJ_‘EWEM*{?%@/Z) A m* = en inpuz u
) run M sn w
MY holts en e <= MY hoks oh  soma inpit £=2 NV Nalts 872 v

©) Ar = {-)V) .M (S 0 TM that halts sn some m/om‘s.} \
H < A = O

®A: = { ‘m" > M is a TM that halls sn every input} v
H £ Az



@ Ay = ("M " ) ond Ms ore two Ths with Limo=rimss}
Himt: A Az 0313~ "m" — ;" Tk,
M halts on overy input (=D LimuzLms
M2 = on ZM/M X
/. halt
et M= M, then /N halis en enel /’npuZ(sDZ/.ZM):%*
Lim))  Lima
@ Rrm=1"m": Mis aTm with Lim) is reqular}.
Bz Rom = M M s a TM with Linm) iS net requiar} 7 94)%

H R1u
..M,,,,w,, > /W*

M halts sn w <= Lim™ is not Ieqular.

M = on mput X
/- run N sn w
2. run U »sn ¥
L m™t) :leU)=H if M hatis on 1o
¢ if m does nor hats on .
WD s net reQulor

L
/feWS;MZLy @
’ Cordex - ru [ecursive M hatts en v
Wm.&mbée




é- CF?’M = (/W : M IS a TM with Lim Aej;y Qp/wax1~fr_eg}
H <k
LT is not Corctet-frea (=D M haltts o7 w.
T RECim=1"m": Mis a TV with Liw being recwrsive
H £ RECo,

- - e — P — ~ - — = e -
—_———— - . —— P — - . —_— = =

A = {/W M s a TM T/Laz /’la/*t_c 57 ij [nfu;t} /7ﬁ/¥"l}f
B = 1"m " “m: m, and M2 ore two TMs with Limo=l(m:)5
A<B: H BIRBFA  FE /e FARIGE ma

on ;ﬂPLd‘X

Ma = on inpux 0 /9 I hett

I consider a T M?  thoat hatss on ewvery inpux.

redw ction from A to B.

2. run  Ma en
3. retwrn tha resut of Ms.
A

{"m" I M is a TM with L'é/w) hoving  property f}

rRquior / Congext-fiea [rocursive [eelim [Lin>=5"
OLL;D) = the set 07f recursively  epumerable languages  sotisfying P
R ={"m [ M is a Tm with Liwed(p)} FR¥)Z?
[f”LLP)=¢ or the cet of ol recursively enumerable RUp) IS rlecwrsive.
Rict's  Theorem: If ALtps is g non-empty  proper swbser  of QU recursively numarable languages,

Then RUP) is ret [2cursive.

/



Proof:
case | . @ &d(p> Rl IA eouPiﬂAW.
:widzcidu A
Ziuz: He RL/;)

MH Mg

MH = on inPuI mT "

| ConStruct

N R G LP2
a M M = on inpux X )L im”) = Z'LL/VIA);A ,Lf/V! halts on Lo
Uy ren M en w @ if - et -
gﬂ(L/D) 4
2) fun M4as sn X
2. run Ma sn " m? W% Bty [ ™) =2 = MBE hatt 2w
3. Ieturn the reswlt 973 o
Cose 2 Pedpp R P E Lp
gb(/mna/‘gL

ID/‘ov/‘nf [ecursive < 57 d,af ( construce Tmo
A =

H i< peot recwrsive. ( D?afsﬂalizazim)

/JFDW*’%? Jron—/2 L Sive

Q Rnown [eclursive /Mj'uayﬂ_

A Anroun jon-recursive /a/)?a_aye £ A

A ¢

/D/‘ov)/).f /‘ecur;/wly . Lrwwreerable 57 dzf

G ,é/wu/z /‘zwsfue/y Lnumerable /Mfuaye



ZXMP& . ‘ recursively
A ="M M ois a TM thar hatss on Some inpuzl 1S enumerable
A

M halis on Sj at the A-h step =2 maxl,é,J‘)
/MA = on Lhput “me
RBE holt — ZHetBIRE 5T for j= ) 2 3

fvr S=5, S}

Ffun M sn S oI i sTeps

l\f M Pales en € within i
Steps:
/Draw‘rzf /20T /—zcursiueéy enwnerable — A krown /z»n-/:ecarsiue/j .z/zumra,ba/or /Mg‘ /20%-
theoren. -

ore /’ecur:/uelj Lhum, Tthen A iS reculsive.

[ heorem: If 7} and

A
!
M = M2

=> M3 colecioles A 2>
Mz = on inpur X
/- raun M end Ms sn X in parallel
2. [}C M, hale
3. accept X BA: X € LA or xellA
G if  Ms holss

5. /‘e/’e ct X



£ x ample .

H is ﬁecursimlf enwn. =2 H s nor /rcursiue/f 2nwm.

H (s not recursive

(losure property [2lursive I 2 cursively enum
o/ v
) s M
- . X
° e v
¥ e v

E)(alnp&. write o Progrom that /D/'i/w' Ztself.

M write " py" en its tape.

o 42 A " Btcpe £.
Mol A B T

j@2" B" B7% tape £

Zir B oStk s A

A write "8 en the tape.
B: write “A " on tha rape, ond swap 1t with 8"

AGar'ey 2

fomcxim 7[40):" Muw" where Mo is a TM  thoez primts v sn is tape

7 is cpmpuz‘aéla (l’ Civen w, Mw = on nput X

/. write w sn the Tape

2. halz )



s Py A A4 TRE ARG EDIEN (WY A7)

Ayt
B C=on inpud .

i compuxe@q Q)"

2. Wwrite ?éw)- w en its -m[oe
EETY

Fiz4s A T | etz B 8", Bizs3 B (54" 8

R o CLfsion T/Lé,o/um

fw- any TM T, there is a 7Mm R such thar fp/- any Svr/hf w,

The Compiction oj‘ R pn w i _chu(/a.&/);t To that of | en R .

T
R 258 Lencoding

sEiFl- M= en input X
/) obtain N — [_afa,? (Pue TmPHigHE#e1E )

/D/‘oof Shketch .
5 2l 7] —
A: print ‘g’ T" ]J/UJQ' TJ/W
B: print A" ocod reorder T ATBTT R
Exomple.
B % H /stama H is recursive, 3 Mn decioles H.
lron-/2cursive-
R= on input w 3. if e accepts R
s Ly. [pop/n:?
2262 codefo I obtain "R" & Rlse MH |ejects " R o
%A His3 )z i b /zazf/

B&ikhot 2. [un My en R 7w’ > Cortraoliction



JTERINTHE. B 9P T 10

E numerater:
We sey a M enumeraze o longucge L, if for somae stare 9 /OWPMW
L=fw:(spuimm (g.00m)]
Dw/t',th- state
/ Twznf 2rwmarable
7%2/0/:0497. /} / &/Zfaaye ’s Turmf Lnwmesreble (= It LS frewrsively enwm
proof: Finite => trivial

Asccume L is infinire
= IM ernumeraze L 70&(5 M semiolecides L
/W) =on /npux X.
) run M to enumeraze L
2. Lyery time M owzpuzs a f#/‘/? w

3. Z],: Ww==X:

G hals

(= A M. servaecides /. goal = ' enumeraze [

2 3
L RELHPIZ D TH loop forevar Sy 0 0 7 output  Si if M haks
= aa RIS THEE ALFEY

$3

YEFRE 15
Lot /M be o TM thar odecides [, we sey M [Qxicvyraf/ucaz{j enumarates L

Zf uhenever (9, bUw) f/M*(?, PUW) ., e Nowe Wr LS a«ﬁu‘ wr jn lexicegrakical order.



T heoren . [l is (u/ugrgo/ucady enumerable (= T S  [ecursive.
il?ﬂﬁ’ﬁx

— :7/1/2 L : ! ; L
) /\enu,m,u—aze | ﬂpaj M olecicles
L@x/w?rapfmalfy M= on inpux Loi( ';cofrahpicaﬂy

/) ren m ‘toA enumaraze L = 0n[7 proes < x

[Wfi; X = rﬂ{é&t)

2. wwery time M outpuzsa {#7/7 w
3. ff W == x:
& accept:
(= A M socides /.
S

S},—/_’

—494Y 1228P%] ( decide . WG

Sy

humerical fuenction
fr A/k —S AN k20>
/meuIabLe,
A TM M compuze f: N> if for any no-rien M (binno, binins - bnnes)
= bin [f[,/?» N = Pk )



basic fLm ctions

1) zefo FTunction
’ f ’ com,pwmbl,e
2040(N>. N2 -Nkd>=0 fpr any £, Dk
2, ldentity
I‘dk.j (ﬂ/z vt ”h) = n‘}\

(3> successor function

Succtns>=np+l

5P 84 E -
(> Composition . G: NoN.  h:nN=>N D fIx0=G1hix))
Dot g: WS hbb: Moo D fini ngr= GUAID 2>, hainines, - bk ne>)
&o%‘n,ppff‘ﬁor) 07? 9 and ---

() (ecursive da.fim“t’ioﬂ
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all pr fune = 2X pression $845. %18 21 E Rt 7 CDM/D"w oble
Lnumlefm all the expressin
enwmeraze ol wunary p-r-func 9. 9> - 3o
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Any " reasonable” ond " gensral deterministic modsl of compuzsrion is polynomislly reloted
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